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Abstract
We prove a new bound on exponential sums for nonlinear recurring sequences. This result improves on an
earlier bound of Niederreiter and Shparlinski. An application to the distribution and statistical independence
of nonlinear congruential pseudorandom numbers is given.
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1. Introduction
For a prime p we identify the finite field Fp of p elements with the set of integers
{0,1, . . . , p − 1}. Let f (X) be a polynomial over Fp of degree d  2 and (un) the sequence
of elements of Fp obtained by the recurrence relation
un+1 = f (un), n 0, (1)
with some initial value u0. Obviously, this sequence eventually becomes periodic with least pe-
riod t  p, but we restrict ourselves to the case where (un) is purely periodic.
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S(a0, . . . , as−1;N) =
N−1∑
n=0
ep
(
s−1∑
j=0
ajun+j
)
, 1N  t, s  1,
where ep(z) = exp(2πiz/p) and a0, . . . , as−1 are integers that are not all divisible by p. In [10]
Niederreiter and Shparlinski proved the bound
S(a0, . . . , as−1;N) = O
(
N1/2p1/2(logp)−1/2
)
, (2)
where the implied constant depends only on d and s. The bound (2) is nontrivial only if N is
at least of order of magnitude p/ logp. In Section 2 we modify the method of [10] and prove a
bound on S(a0, . . . , as−1;N) which is nontrivial for N at least of the order of magnitude p/ψ(p)
for any function ψ(p) 2 with limp→∞(logψ(p))/ logp = 0.
In Section 3 we apply the exponential sum bound to analyse the distribution and statistical
independence of nonlinear congruential pseudorandom numbers un/p, n 0, in the unit interval
in terms of a discrepancy bound. We refer to [9, Chapter 8] and [12] for background on nonlinear
congruential pseudorandom numbers.
2. Exponential sum bound
In this section, we improve on the bound (2) by refining the method of bounding exponential
sums that was introduced in [10] and [11].
Theorem 1. If the sequence (un), given by (1) with a polynomial f (X) ∈ Fp[X] of degree d  2,
is purely periodic with period t and 1N  t , then the bound
max
gcd(a0,...,as−1,p)=1
∣∣S(a0, . . . , as−1;N)∣∣= O
(
N
(
log(2p/N)
logp
)1/2)
holds, where the implied constant depends only on d and s.
Proof. We can assume N  2p1/2, for otherwise the theorem is trivial. We first prove that, for
any integer r  1 and gcd(a0, . . . , as−1,p) = 1, we have
S(a0, . . . , as−1;N) = O
(
Nr1/2(p/N)1/(2r)
(
min
{
logp, rp1/(10r)
})−1/2) (3)
for 2p1/2 N  t . Since otherwise (3) is trivial, we may assume r < logp.
It is obvious that for any integer k  0 we have
∣∣∣∣∣S(a0, . . . , as−1;N)−
N−1∑
n=0
ep
(
s−1∑
j=0
ajun+j+k
)∣∣∣∣∣ 2k.
Therefore, for any integer K  1,
K
∣∣S(a0, . . . , as−1;N)∣∣W + K(K − 1), (4)
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W =
N−1∑
n=0
∣∣∣∣∣
K−1∑
k=0
ep
(
s−1∑
j=0
ajun+j+k
)∣∣∣∣∣.
We consider the sequence of polynomials fk(X) ∈ Fp[X] defined by
f0(X) = X, fk(X) = f
(
fk−1(X)
)
, k  1.
By the Hölder inequality, using un+k = fk(un) and putting
Fk(X) =
s−1∑
j=0
ajfk+j (X),
we obtain
W 2r N2r−1
N−1∑
n=0
∣∣∣∣∣
K−1∑
k=0
ep
(
Fk(un)
)∣∣∣∣∣
2r
N2r−1
∑
x∈Fp
∣∣∣∣∣
K−1∑
k=0
ep
(
Fk(x)
)∣∣∣∣∣
2r
N2r−1
K−1∑
k1,...,k2r=0
∣∣∣∣∑
x∈Fp
ep
(
Fk1,...,k2r (x)
)∣∣∣∣,
where Fk1,...,k2r (X) = Fk1(X) + · · · + Fkr (X) − Fkr+1(X) − · · · − Fk2r (X). If {k1, . . . , kr} =
{kr+1, . . . , k2r} as multisets, then Fk1,...,k2r (X) is constant and the inner sum is trivially equal
to p. There are at most r!Kr  rrKr such sums. Otherwise we can apply Weil’s bound (see
e.g. [8, Chapter 5]) to the inner sum using deg(Fk1,...,k2r )  dK+s−2, to get the upper bound
dK+s−2p1/2 for at most K2r sums. Hence,
W 2r  rrKrN2r−1p + dK+s−2K2rN2r−1p1/2. (5)
Choose
K = min
{⌈
0.4
logp
logd
⌉
,
⌊
rp1/(10r)
⌋}
.
Then it is easy to see that the first term on the right-hand side of (5) dominates the second one in
terms of the order of magnitude in p, and we get (3) from (4) and (5) after simple calculations.
Finally, we choose
r = ⌊log(p/N)⌋+ 1.
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follows immediately from (3). If N  p/e, then we have
rp1/(10r)  log(p/N)e0.05(logp)/ log(p/N)  0.05 logp
and the theorem follows again from (3). 
Corollary 1. For any function ψ(p) 2 with
lim
p→∞
logψ(p)
logp
= 0
and any N  p/ψ(p) we have
max
gcd(a0,...,as−1,p)=1
∣∣S(a0, . . . , as−1;N)∣∣= O
(
N
(
logψ(p)
logp
)1/2)
= o(N).
3. Discrepancy bound
Let (un) again be the sequence generated by (1). For a positive integer s, the discrepancy
Ds(N) of the N points
(
un
p
, . . . ,
un+s−1
p
)
, n = 0,1, . . . ,N − 1, (6)
in the half-open unit interval [0,1)s is defined by
Ds(N) = sup
B⊆[0,1)s
∣∣∣∣N(B)N − V (B)
∣∣∣∣,
where N(B) denotes the number of points (6) which hit the box
B = [a1, b1) × · · · × [as, bs) ⊆ [0,1)s,
the supremum is taken over all such boxes B and V (B) is the volume of B .
The following theorem improves on the discrepancy bound for nonlinear congruential pseudo-
random numbers that was established in [10].
Theorem 2. If the sequence (un), given by (1) with a polynomial f (X) ∈ Fp[X] of degree d  2,
is purely periodic with period t  3 and 3N  t , then the bound
Ds(N) = O
((
log(2p/N)
logp
)1/2(
log
logp
log(2p/N)
)s)
holds, where the implied constant depends only on d and s.
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H =
⌈(
logp
log(2p/N)
)1/2⌉
.
Then 1 < H < p. By the Erdo˝s–Turán–Koksma inequality (see e.g. [2, Theorem 1.21]) we obtain
Ds(N) Cs
(
1
H
+ 1
N
∑
0<|a|H
1
ρ(a)
∣∣S(a0, . . . , as−1;N)∣∣
)
,
where Cs > 0 is a constant depending only on s and where for a = (a0, . . . , as−1) ∈ Zs we put
|a| = max(|a0|, . . . , |as−1|),
ρ(a) =
s−1∏
j=0
max
(|aj |,1).
Now Theorem 1 yields
Ds(N) = O
(
1
H
+
(
log(2p/N)
logp
)1/2 ∑
0<|a|H
1
ρ(a)
)
= O
(
1
H
+
(
log(2p/N)
logp
)1/2
(logH)s
)
with implied constants depending only on d and s. Using the specific value of H , we arrive at
the result of the theorem. 
Corollary 2. For any function ψ(p) 2 with
lim
p→∞
logψ(p)
logp
= 0
and any N  p/ψ(p) we have
Ds(N) = O
((
logψ(p)
logp
)1/2(
log
logp
logψ(p)
)s)
= o(1).
4. Remarks
It seems that the approach of this paper may also lead to improvements on the bounds in [3,4,6,
7,13]. The improved method was already used in [5] as well. More precisely, the papers [3,4] deal
with nonlinear recurrences yn+1 ≡ f (yn) mod M with composite moduli M . The papers [6,7]
contain extensions of (2) to nonlinear recurrences of higher orders yn+1 = f (yn, . . . , yn−m+1)
for some m 1 (see also the recent paper [1]). In [5] sequences yn+1 = f (yn,n) are considered.
Finally, in [13] we proved analogs of (2) for multiplicative character sums over finite fields for
nonlinear recurring sequences and their applications to the distribution of powers and primitive
roots in finite fields.
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